The strong chromatic index of complete cubic Halin graphs  by Shiu, W.C. & Tam, W.K.
Applied Mathematics Letters 22 (2009) 754–758
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
The strong chromatic index of complete cubic Halin graphs
W.C. Shiu ∗, W.K. Tam
Department of Mathematics, Hong Kong Baptist University, 224 Waterloo Road, Kowloon Tong, Hong Kong, China
a r t i c l e i n f o
Article history:
Received 22 August 2007
Received in revised form 12 August 2008
Accepted 26 August 2008
Keywords:
Strong chromatic index
Halin graph
Cubic tree
Complete cubic Halin graph
Edge-coloring
a b s t r a c t
A complete cubic Halin graph is a cubic Halin graphwhose characteristic tree is a complete
cubic tree, in which all leaves are at the same distance from the root vertex. In this work,
we determine the strong chromatic index of the complete cubic Halin graph.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction and some known results
All graphs in this work are finite and simple. Suppose G is a graph, we use ∆ to denote the maximum degree of G. All
undefined symbols and concepts may be looked up from [1].
For positive integer k, let [k] = {1, 2, . . . , k}. A strong k-edge-coloring of a graph G = (V , E) is a mapping c : E → [k]
such that any two edges meeting at a common vertex, or being adjacent to the same edge of G, are assigned different values
(colors). The strong chromatic index ofG, denoted by sχ ′(G), is the smallest number k forwhichGhas a strong k-edge-coloring.
Fouquet and Jolivet [2,3] first studied the strong edge-coloring of cubic planar graphs. In 1988, Erdős and Nesštřil [4,5]
asked whether it is true that sχ ′(G) ≤ 54∆2. This question was revised by Faudree et al. [6] in 1990 as follows:
Conjecture 1 ([6]). For any simple graph G,
sχ ′(G) ≤

5
4
∆2 if ∆ is even,
5
4
∆2 − 1
2
∆+ 1
4
if ∆ is odd.
Faudree et al. [6] also asked thatwhether sχ ′(G) ≤ 9 ifG is cubic and planar. The upper bound is attained by the complement
of C6. So if the upper bound is valid, it would be the best possible. The problem is still open. Also Faudree et al. [6] showed
a trivial upper bound for the strong chromatic index of G which is given by sχ ′(G) ≤ 2∆2 − 2∆ + 1. Before this, in 1983
Fouquet et al. stated in [2] that sχ ′(G) ≤ 2∆(∆− 1). But this result is obviously not true for G = C5. Fouquet et al. made a
mistake in their proof. They applied Brook’s theorem to the second power of the line graph, L(G)2, of the graph G, concluding
that sχ ′(G) = χ(L(G)2) ≤ 2∆(∆ − 1). But this does not hold when G = C5, since L(G)2 = K5. So the theorem should be
modified to:
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Fig. 2.1. The graph H1 .
Theorem 1.1. If G 6= C5, then sχ ′(G) ≤ 2∆(∆− 1).
This inequality only shows that the conjecture of Erdős and Nešetřil is true for∆ ≤ 2.
If∆ = 3, then sχ ′(G) ≤ 10 by Conjecture 1. This result was proved by Andersen [7] and, independently, Horák, Qing and
Trotter [8]. For∆ = 4, Conjecture 1 implies that sχ ′(G) ≤ 20. Recently, Cranston [9] obtained sχ ′(G) ≤ 22 for∆ = 4.
A Halin graph G = T ∪ C is a plane graph that consists of a planar embedding of a tree T that has no interior vertices of
degree 2, and a cycle C connecting the leaves (vertices of degree 1) of the tree such that C is the boundary of the exterior
face. The tree T and the cycle C are called the characteristic tree and the adjoint cycle of G, respectively.
Recently, Shiu et al. [10] showed that 6 ≤ sχ ′(G) ≤ 9 if G is a cubic Halin graph. These bounds are sharp. They also
determined the strong chromatic index for a necklace. The necklace is a particular Halin graph whose characteristic tree is a
caterpillar. Shiu et al. [10] showed that 6 ≤ sχ ′(G) ≤ 8 if G is a (cubic) Halin graph of order at most 10 and its characteristic
tree is a caterpillar.
In this work we investigate the strong chromatic index of another type of cubic Halin graph called the complete cubic
Halin graph.
A cubic tree is a tree inwhich all interior vertices are of degree 3. For n ≥ 0, a complete cubic tree Tn is a cubic tree of height
n+ 1 with a root vertex v0 such that all its leaves are at the same distance n+ 1 from v0. The level of a vertex is defined to be
the distance from the root vertex to that vertex. For any edge e = uv of Tn, assume v is a child of u. The level of e is defined
to be the level of v. Therefore, Tn has n+1 levels. A complete cubic Halin graph Hn is a cubic Halin graph whose characteristic
tree is Tn. Clearly, H0 ∼= K4. Also when n ≥ 1, Hn is not a necklace, since Hn is a C4-free graph (a C4-free graph is a graph that
does not contain a 4-cycle).
There is a result on the strong chromatic index of the C4-free graph. It can be found in [11]:
Theorem 1.2 ([11]). For any C4-free graph G, sχ ′(G) ≤ (2+ o(1)) ∆2ln∆ .
But this result is very far from the results of Andersen, Horák et al. and Cranston when∆ ≤ 4.
2. Main results
In this section, we let Tn and Cn be the characteristic tree and the adjoint cycle of Hn for n ≥ 1, respectively.
Theorem 2.1. sχ ′(H1) = 7.
Proof. Suppose H1 has a strong 6-edge-coloring c with the color set [6]. Label the vertices of H1 by A, B, . . . , J as in Fig. 2.1.
Without loss of generality, we may assume c(CD) = 1, c(DE) = 2, c(DF) = 3, c(EG) = 4 and c(EH) = 5. Then the edge GH
can only receive one of the colors 1, 3 and 6.
Case 1: If c(GH) = 1, then c(HI) = 6. This implies that c(IJ) = 2, c(FI) = 4 and c(FJ) = 5, but the edge BJ cannot be
properly colored; see Fig. 2.1(a).
Case 2: If c(GH) = 3, then c(AG) = 6. This implies that c(BC) = 4 and c(AC) = 5. Then c(AB) = 2, but the edge BJ cannot
be properly colored; see Fig. 2.1(b).
Case 3: If c(GH) = 6, then c(HI) = 1, c(AG) = 3 and c(AC) = 5. This implies that c(FI) = 4 and c(IJ) = 2, but the edge AB
cannot be properly colored; see Fig. 2.1(c).
Therefore, sχ ′(H1) ≥ 7. However, we can obtain a strong 7-edge-coloring of H1 by defining c(BC) = 4, c(FJ) = 5,
c(BJ) = 6 and c(AB) = 7 in Case 3. As a result, sχ ′(H1) = 7. 
Theorem 2.2. sχ ′(Hn) = 6 for n = 0 or n ≥ 2.
Proof. It is easy to see that sχ ′(H0) = 6. So we assume n ≥ 2. We consider three situations for various values of n.
Case 1: Strong 6-edge-colorings for H2 and H3 are indicated in Figs. 2.2 and 2.3, respectively.
Case 2: For n ≥ 4 and even, we construct a strong 6-edge-coloring of Hn using the color set [6] by the following procedure.
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Fig. 2.2. A strong 6-edge-coloring for H2 .
Fig. 2.3. A strong 6-edge-coloring for H3 .
Fig. 2.4. The subgraph S1 .
We assign colors to the edges of Tn first. Assign colors 1, 2, 3 to the three edges incident with the root vertex of Tn.
We partition [6] into two subsets C1 = {1, 2, 3} and C2 = {4, 5, 6}. Then the edges on level 1 receive colors in C1. This
implies that the edges on level 2 can only be colored with the colors in C2. Hence, we try to give a coloring to the edges on
levels 1 to n− 1 in such a way that the colors that occur on the edges on odd levels belong to C1 while those on even levels
belong to C2. To color the edges on levels 2 and 3, we follow the coloring of the edges on levels 2 and 3 of H2 as shown in
Fig. 2.2 but replacing the color 5 by 6.
Assume the edges on level less than j have been colored, where 4 ≤ j ≤ n + 1. We consider the subgraph S1 of Tn as in
Fig. 2.4, where c1, c2, c3 and c4 are colors assigned to the indicated edges. For each k, 1 ≤ k ≤ 8, suppose fk is an edge on
level j. We color the edges fk’s as follows.
Step 1: For 4 ≤ j ≤ n− 1, color f1, f3, f5, f7 with the color from Cl \ {c1, c2}, where c1, c2 ∈ Cl for l = 1 (if j is odd) or 2 (if j is
even). Assign the color c2 to f2 and f4. Then f6 and f8 must receive c1. Repeat this step until all the edges of level n− 1 have
been colored. Note that the colors on level n− 1 must be in C1.
Step 2: For j = n, color f1, f3, f5, f7 with c3. Note that c3 ∈ C1 does not appear on the edges of level n− 1 of the subgraph S1
being considered. Also note that c1, c2 ∈ C2. Suppose c1 6= 6. If c2 = 6, then assign the color from C2 \ {c1, c2} to f2 and f4.
Otherwise, assign the color c2 to these two edges. For any case, color f6 and f8 with c1.
Suppose c1 = 6. Assign the color from C2 \ {c1, c2} to f6 and f8, and color f2 and f4 with c2. Note that the edges f1, f3, f5
and f7 receive the same color in C1 and the edges f2, f4, f6 and f8 receive the same color in {4, 5}.
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Fig. 2.5. The subgraph S2 .
Fig. 2.6. A strong 6-edge-coloring for H4 .
Step 3: For j = n+ 1, color f2, f4 with c2, and f6, f8 with c1. Note that c1, c2 ∈ C1, and c3 ∈ C2. If c3 = 6, then assign the color
from C2 \ {c3, c4, c∗4 } to f1, f3, f5, f7. In this case, c4 ∈ {4, 5} and c∗4 ∈ C1. Otherwise, color these edges with c3. Note that the
edges f1, f3, f5 and f7 receive the same color in {4, 5} and the edges f2, f4, f6 and f8 receive the same color in C1.
It is easy to see that the color 6 does not appear on any edges on the last three levels. We have finished a strong 6-edge-
coloring for Tn. Next, we produce a strong 6-edge-coloring for Cn with the same color set [6].
Consider a subgraph S2 of Hn as in Fig. 2.5, where c5, . . . , c11 are colors assigned to the indicated edges, and fk are edges
on Cn (9 ≤ k ≤ 13). Note that c5, c6 ∈ C1, c7 ∈ {4, 5}, c8 = c10 ∈ {4, 5} \ {c7} and c9, c11 ∈ C1. We color f9 and f13 with 6,
f10 with c7, f11 with c5, and f12 with c6. It is easy to see that this coloring is compatible with other neighboring subgraphs S2.
Hence we get a strong 6-edge-coloring for Hn for n ≥ 4 and even.
Case 3: For n > 3 and odd, we produce the coloring of the edges on the first n− 2 levels of Tn which is the same as that on
the first n− 2 levels of Tn−1 in Hn−1. Then the colors assigned to the edges of level n− 2 must be in C1. Refer to Fig. 2.5; let
fk be an edge on level j ∈ {n− 1, n, n+ 1} for any k, 1 ≤ k ≤ 8.
Step 1: For j = n− 1, color f2, f4, f6 and f8 with c3. Note that c3 ∈ C1, and c1, c2 ∈ C2.
Suppose c1 6= 6. If c2 = 6, then assign the color from C2 \ {c1, c2} to f1 and f3. Otherwise, assign the color c2 to these two
edges. In any case, color f5 and f7 with c1.
Suppose c1 = 6, then assign the color from C2 \ {c1, c2} to f5 and f7. Note that the edges f2, f4, f6 and f8 receive the same
color in C1 and the edges f1, f3, f5 and f7 receive the same color in {4, 5}.
Step 2: For j = n, we follow the coloring of the edges as described in Step 3 of Case 2. Note that c4 ∈ C1 and c∗4 ∈ {4, 5}. So
the colors of the edges f1, f3, f5 and f7 receive the same color in {4, 5} and the edges f2, f4, f6 and f8 receive the same color in
C1.
Step 3: For j = n+ 1, color f2, f4 with c2, f6, f8 with c1 and color f1, f3, f5, f7 with c3. Note that c1 ∈ {4, 5} and c2, c3 ∈ C1. So
the edges f1, f2, f3, f4, f5 and f7 receive the same color in C1 and the edges f6 and f8 receive the same color in {4, 5}.
Observe that the color 6 does not appear on any edges on the last four levels. For the edges on Cn, follow the coloring of
the edges as in Case 2. Note that the color of the edge f10 is inC1 and that of f12 is in {4, 5}. By the construction of the coloring,
the colors that occur on the edges f4, f5 (on level n+ 1) and f10 are distinct. Therefore, we have a strong 6-edge-coloring for
Hn for n > 3 and odd.
As a result, sχ ′(Hn) = 6 for n ≥ 2. This completes the proof. 
758 W.C. Shiu, W.K. Tam / Applied Mathematics Letters 22 (2009) 754–758
Fig. 2.7. A strong 6-edge-coloring for H5 .
A strong 6-edge-coloring of H4 is shown in Fig. 2.6.
Let v0 be the root vertex of Tn and v1, v2, v3 be the vertices on level 1 of Tn. Suppose we assign colors 1, 2, 3 to the edges
v0v1, v0v2, v0v3, respectively. A strong 6-edge-coloring of H5 is shown in Fig. 2.7.
We conclude by presenting the following conjecture:
Conjecture 2. sχ ′(G) ≤ 7, where G is a cubic Halin graph that is not a necklace.
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